Background {#Sec1}
==========

The problem of cubes that are sums of consecutive cubes goes back to Euler (\[[@CR10]\] art. 249) who noted the remarkable relation $\documentclass[12pt]{minimal}
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                \begin{document}$$3^3+4^3+5^3=6^3$$\end{document}$. Similar problems were considered by several mathematicians during the nineteenth and early twentieth century as surveyed in Dickson's *History of the Theory of Numbers* (\[[@CR7]\] p. 582--588). These questions are still of interest today. For example, both Cassels \[[@CR5]\] and Uchiyama \[[@CR17]\] determined the squares that can be written as sums of three consecutive cubes. Stroeker \[[@CR16]\] determined all squares that are expressible as the sum of $\documentclass[12pt]{minimal}
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                \begin{document}$$2 \le d \le 50$$\end{document}$ consecutive cubes, using a method based on linear forms in elliptic logarithms. More recently, Bennett, Patel and Siksek \[[@CR2]\] determined all perfect powers that are expressible as sums of $\documentclass[12pt]{minimal}
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                \begin{document}$$2 \le d \le 50$$\end{document}$ consecutive cubes, using linear forms in logarithms, sieving and Frey curves. There has been some interest in powers that are sums of *k*-th powers for other exponents *k*. For example, the solutions to the equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x^k+(x+1)^k+(x+2)^k=y^n, \quad x,~y,~n \in {\mathbb Z}, \; n \ge 2, \end{aligned}$$\end{document}$$have been determined by Zhongfeng Zhang \[[@CR18]\] for $\documentclass[12pt]{minimal}
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                \begin{document}$$k=2$$\end{document}$, 3, 4 and by Bennett, Patel and Siksek \[[@CR1]\] for $\documentclass[12pt]{minimal}
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                \begin{document}$$k=5$$\end{document}$, 6, and similar problems are considered by Soydan \[[@CR15]\].

In view of the above, it is natural to consider the equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x^k+(x+1)^k+\cdots +(x+d-1)^k=y^n,\quad x,~y,~n \in {\mathbb Z}, \; n \ge 2 \end{aligned}$$\end{document}$$with *k*, $\documentclass[12pt]{minimal}
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                \begin{document}$$d \ge 2$$\end{document}$. This was studied by Zhang and Bai \[[@CR19]\] for $\documentclass[12pt]{minimal}
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                \begin{document}$$k=2$$\end{document}$. They show that if *q* is a prime $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathrm{\upsilon }}}_q(d)=1$$\end{document}$ then Eq. ([1](#Equ1){ref-type=""}) has no solutions for $\documentclass[12pt]{minimal}
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                \begin{document}$$k=2$$\end{document}$; here $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{\upsilon }}}_q(d)$$\end{document}$ denotes the *q*-adic valuation of *d*. It follows from a standard result in analytic number theory (as we shall see later) that the set of *d* for which there is a solution with $\documentclass[12pt]{minimal}
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                \begin{document}$$k=2$$\end{document}$ has natural density 0. We prove the following generalization to all even exponents *k*.

Theorem 1 {#FPar1}
---------
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                \begin{document}$$k\ge 2$$\end{document}$ be even and let *r* be a non-zero integer. Write $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_{k,r}$$\end{document}$ for the set of integers $\documentclass[12pt]{minimal}
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                \begin{document}$$d \ge 2$$\end{document}$ such that the equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x^k+(x+r)^k+\cdots +(x+(d-1)r)^k=y^n,\quad x,~y,~n \in {\mathbb Z}, \; n \ge 2, \end{aligned}$$\end{document}$$has a solution (*x*, *y*, *n*). Then $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_{k,r}$$\end{document}$ has natural density 0; by this we mean$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim _{X \rightarrow \infty } \frac{ \# \{d \in \mathcal {A}_{k,r} \; :\; d \le X\}}{X} =0. \end{aligned}$$\end{document}$$
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                \begin{document}$$\mathcal {A}_{k,r}$$\end{document}$ contains all of the odd *d*: we can take $\documentclass[12pt]{minimal}
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                \begin{document}$$(x,y,n)=(r(1-d)/2,0,n)$$\end{document}$. Thus the conclusion of the theorem does not hold for odd *k*.

Some properties of Bernoulli numbers and polynomials {#Sec2}
====================================================

In this section we summarise some classical properties of Bernoulli numbers and polynomials. These are found in many references, including \[[@CR8]\]. The Bernoulli numbers $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{x}{e^x-1}=\sum _{k=0}^\infty B_k \frac{x^k}{k!} \, . \end{aligned}$$\end{document}$$The first few Bernoulli numbers are$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_0=1, \quad B_1=-1/2, \quad B_2=1/6, \quad B_3=0, \quad B_4=-1/30, \quad B_5=0, \quad B_6=1/42. \end{aligned}$$\end{document}$$It is easy to show that $\documentclass[12pt]{minimal}
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                \begin{document}$$B_k$$\end{document}$ are rational numbers, and the von Staudt--Clausen theorem asserts that for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_k+\sum _{(p-1) \mid k} \frac{1}{p} \; \in \; {\mathbb Z}\end{aligned}$$\end{document}$$where the sum ranges over primes *p* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(p-1) \mid k$$\end{document}$.

The *k*-th Bernoulli polynomial can be defined by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_k(x)=\sum _{m=0}^k \left( {\begin{array}{c}k\\ m\end{array}}\right) B_m x^{k-m}. \end{aligned}$$\end{document}$$Thus it is a monic polynomial with rational coefficients, and all primes appearing in the denominators are bounded by $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_k(1-x)=(-1)^k B_k(x), \end{aligned}$$\end{document}$$the identity$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_k(x+1)-B_k(x)=k x^{k-1}, \end{aligned}$$\end{document}$$and the recurrence$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_k^\prime (x)=k B_{k-1}(x). \end{aligned}$$\end{document}$$Whilst all the above results have been known since at least the nineteenth century, we also make use of the following far more recent and difficult theorem due to Brillhart \[[@CR3]\] and Dilcher \[[@CR9]\].

Theorem 2 {#FPar2}
---------

(Brillhart and Dilcher) The Bernoulli polynomials are squarefree.

Relation to sums of consecutive like powers {#Sec3}
-------------------------------------------

### Lemma 2.1 {#FPar3}

Let *r* be a non-zero integer and *k*, $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x^k+(x+r)^k+\cdots +(x+r(d-1))^k= \frac{r^k}{k+1} \left( B_{k+1}\left( \frac{x}{r}+d\right) -B_{k+1}\left( \frac{x}{r}\right) \right) . \end{aligned}$$\end{document}$$

This formula can be found in (\[[@CR8]\] Section 24.4), but is easily deduced from the identity ([5](#Equ5){ref-type=""}).

### Lemma 2.2 {#FPar4}
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                \begin{document}$$q\ge k+3$$\end{document}$ be a prime. Let *a*, *r*, *d* be integers with $\documentclass[12pt]{minimal}
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                \begin{document}$$d \ge 2$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \ne 0$$\end{document}$. Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \mid d$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \not \mid r$$\end{document}$. Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} a^k+(a+r)^k+\cdots +(a+r(d-1))^k \equiv r^k\cdot d \cdot B_k(a/r) \pmod {q^2}. \end{aligned}$$\end{document}$$

### Proof {#FPar5}
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### Lemma 2.3 {#FPar6}
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### Proof {#FPar7}
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### Remarks {#FPar8}
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A Galois property of even Bernoulli polynomials {#Sec4}
===============================================

Proposition 3.1 {#FPar9}
---------------
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There is a long-standing conjecture that the even Bernoulli polynomials are irreducible; see for example \[[@CR3], [@CR4], [@CR14]\]. One can easily deduce Proposition [3.1](#FPar9){ref-type="sec"} from this conjecture. We give an unconditional proof of Proposition [3.1](#FPar9){ref-type="sec"} in Sect. [5](#Sec8){ref-type="sec"}. As noted previously, if *k* is odd, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_k(x)$$\end{document}$ has rational roots 0, 1 / 2, 1, so the conclusion of the proposition certainly fails for odd *k*.
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Proposition [3.1](#FPar9){ref-type="sec"} implies Theorem [1](#FPar1){ref-type="sec"} {#Sec6}
-------------------------------------------------------------------------------------
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The 2-adic Newton polygons of even Bernoulli polynomials {#Sec7}
========================================================

Lemma 4.1 {#FPar11}
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-----
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We shall need to make use of the following result of Kummer (see \[[@CR11]\]): if *p* is a prime, and *u*, *v* are positive integers then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left( {\begin{array}{c}u\\ v\end{array}}\right) \equiv \left( {\begin{array}{c}u_0\\ v_0\end{array}}\right) \left( {\begin{array}{c}u_1\\ v_1\end{array}}\right) \pmod {p}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_1$$\end{document}$ are respectively the remainder and quotient on dividing *u* by *p*, and likewise $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$ are respectively the remainder and quotient on dividing *v* by *p*. Here we adopt the convention $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left( {\begin{array}{c}r\\ s\end{array}}\right) =0$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r<s$$\end{document}$. Applying this with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p=2$$\end{document}$ we see that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left( {\begin{array}{c}k\\ 2^s\end{array}}\right) = \left( {\begin{array}{c}2^s t\\ 2^s\end{array}}\right) \equiv \left( {\begin{array}{c}t\\ 1\end{array}}\right) \equiv t \equiv 1 \pmod {2}. \end{aligned}$$\end{document}$$Thus the coefficient of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x^{k-2^s}$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_k(x)$$\end{document}$ has 2-adic valuation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-1$$\end{document}$. Since the constant coefficient of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_k(x)$$\end{document}$ also has valuation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-1$$\end{document}$, we obtain the segment (i) as part of the Newton polygon. We also see that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<v<2^s$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left( {\begin{array}{c}k\\ v\end{array}}\right) \equiv 0 \pmod {2}, \end{aligned}$$\end{document}$$and so the valuation of the coefficient of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x^{k-v}$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \ge 0$$\end{document}$. Finally the coefficient of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x^k$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_0=1$$\end{document}$ and so has valuation 0. This gives segment (ii) and completes the proof. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Remarks {#FPar13}
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Although Theorem [4](#FPar14){ref-type="sec"} is not needed by us, its proof helps motivate part of the proof of Proposition [3.1](#FPar9){ref-type="sec"}.

Completing the proof of Theorem [1](#FPar1){ref-type="sec"} {#Sec8}
===========================================================

A little group theory {#Sec9}
---------------------
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